Contrary to complex structures, a generic almost complex structure J has no local symmetries. We give a criterion for finite-dimensionality of the pseudogroup G of local symmetries for a given almost complex structure J. It will be indicated that a large symmetry pseudogroup (infinitedimensional) is a signature of some integrable structure, like a pseudoholomorphic foliation. We classify the sub-maximal (from the viewpoint of the size of G) symmetric structures J. Almost complex structures in dimensions 4 and 6 are discussed in greater details in this paper.
In general the pseudogroup of local symmetries G = Sym loc (M, J) can be infinite-dimensional even in the almost complex case. By the Cartan test [BCG 3 , KL 2 , Se] we can calculate the functional dimension and rank of G, i.e. determine that its elements formally depend on σ functions of p arguments (and some number of functions with fewer arguments). For instance, complex local biholomorphic maps depend on n holomorphic functions of n arguments.
In the other (non-integrable) cases we will show that the number of arguments p ≤ n − 1, and we will study the structures that maximize σ. We shall prove (this shall be understood either in analytic category or formally): Theorem B. If N J = 0, then the local transformations from the pseudogroup G depend on at most σ functions of (n − 1) arguments, where σ = n − 1 for n = 2, 3 and σ = n − 2 for n > 3.
For the sub-maximal symmetric structures, which realize the above dimensional characteristics, some vector distributions, associated to J, will be shown integrable. Thus M comes naturally equipped with pseudoholomorphic foliations. This feature is lacking generally, namely J-holomorphic foliations of complex dimension > 1 are non-existent for generic J [Gr, K 2 ]; they do exist if the fibers are holomorphic curves, but generically J is not locally projectible along the fibers, which is though the case with our canonical foliations.
In the case n = 2 the sub-maximal symmetric structure is locally unique, and is the only nonintegrable J that admits an infinite-dimensional transitive symmetry pseudogroup G. It corresponds to almost holomorphic vector bundle over a holomorphic curve. We also investigate the geometry of the canonical rank 2 Nijenhuis tensor characteristic distribution Π 2 = Im(N J ). It is shown that in general this rank 2 vector distribution can be arbitrary, but it has to be integrable if dim G = ∞. In dimension 4 the existence of an almost complex structure J with N J = 0 (so that the field of 2-planes Π 2 is non-singular) implies global topological restrictions on M .
In the case n = 3 we describe the sub-maximal symmetric structures, which are again locally unique. We discuss the almost complex structures J with nondegenerate Nijenhuis tensors N J (then J is called non-degenerate too). We will prove that in this case dim G is at most 14 and the maximal symmetric nondegenerate almost complex structure is locally isomorphic to the G 2 -invariant structure J on S 6 (Calabi almost complex structure). This uniqueness is not a corollary of any general theorem and is a new result (some technical details of the proof are delegated to appendices). We will also indicate that existence of non-degenerate structures is a global topological restriction on M .
The analysis for n > 3 is harder due to rapidly increasing number of cases, but we describe the sub-maximal symmetric structures that are no longer unique. Namely the two sub-maximal structures J in dimensions 4 and 6, naturally extended to dimension 2n, give rise to two different sub-maximal almost complex structures (with the same bulk of symmetries depending upon (n − 2) complex functions of 2 variables). We also discuss at the end of the paper the topological obstructions for construction of non-degenerate almost complex structures J.
The zoo of all almost complex structures with infinite pseudogroup G is too vast to be handled in general, but our results show that these cases contain some integrability features, like existence of pseudoholomorphic foliations. Thus, similar to non-degenerate situation, we also observe topological obstructions for existence of highly symmetric almost complex structures.
Summarizing, this paper makes the first steps in understanding the pseudogroup G of local symmetries (automorphisms) of almost complex structures J that lie between the two poles -integrable and generic.
Background: Formal integrability
Let us summarize here the basics from the geometric theory of differential equations, see [Sp, KL 2 ] for details. We consider a vector bundle π : E → M with fiber F and the space J k π of k-jets of its local sections. Notice that J 0 π = E and there are natural projections π k,k−1 : J k π → J k−1 π. A system of differential equations of order r is a subbundle E ⊂ J r π. In this paper the order of E will always be r = 1. The symbol of this equation is the family of subspaces g 1 = Ker(dπ 1,0 : T E → T J 0 π). It naturally identifies as the subbundle g 1 ⊂ T * M ⊗ F . The Spencer-Sternberg prolongations of the symbol g k+1 = g (k) 1 [Sp, St] are given by the formula
π, which are zero loci of the differential corollaries of the PDEs defining E (obtained by differentiating the defining relations by all variables ≤ k times).
Regularity of E means that E k are vector subbundles of J k π with respect to the projections π k,k−1 for all k. E is formally integrable (all compatibility conditions hold) if and only if π k,k−1 : E k → E k−1 are submersions.
The symbols of k-th order
subspaces of the Spencer-Sternberg prolongations g k , and we have equality g k = g k iff E is formally integrable.
Thus purely algebraic considerations allow to bound the Hilbert polynomial
The degree p is called the functional dimension and the leading coefficient σ is called the functional rank of the system E [KL 1 ]. According to Cartan test [BCG 3 ] these quantities determine the amount of initial data needed to specify formal 2 solutions of E. Namely the solutions depend on σ functions of p arguments (and possibly some functions with fewer arguments).
These numbers can be calculated from the complexification g C 1 of the symbol as follows (we restrict to the order r = 1, see [BCG 3 , KL 1 ] for the general case). Consider rank one elements ̺⊗v ∈ g C 1 \0. The set of all such ̺ form the complex affine characteristic variety Char C aff (E) ⊂ T * M , and the set of all v form the kernel bundle K over it. We can also calculate these through prolongations (higher symbols) as follows:
provided the characteristic variety is irreducible. If the characteristic variety is reducible, then p is the maximal dimension among the irreducible components, and σ is the sum of the corresponding quantities for irreducible pieces of dimension p.
Example. Consider the Cauchy-Riemann equation for the holomorphic map w :
It is given as the system ∂z k w j = 0, where
has rank 1 (the actual matrix of the Cauchy-Riemann operator has size 2m×2n, but its rows have repetitions). Complexification of these equations writes as (ξ
is reducible and consists of 2 planes of dimensions p = n, and K is a bundle of rank n over each of them. Thus σ = 2n.
We conclude that the solution of the Cauchy-Riemann equation depends on 2n (real-valued) functions of n arguments. In fact, it depends on n holomorphic functions of n complex arguments.
In formal calculus of dimensions developed below we can interpret parametrization of the solution space via solutions of a (formally integrable) non-linear Cauchy-Riemann equation∂(f ) = Φ(z, f ) (instead of holomorphic functions); the space of such f is isomorphic to the space of complex-analytic functions via the initial value problem. But for simplicity we will just mention that the solutions depend on 1 2 σ complex functions of p (complex) arguments.
Finiteness for almost complex automorphisms
Contrary to the global situation (when closedness, Kobayashi hyperbolicity or other conditions guarantee the group of symmetries to be small), locally (M, J) can have an infinite-dimensional Lie algebra sheaf of symmetries. We begin with an effective criterion to check finite-dimensionality.
Let us endow the tangent space T = T x M with the structure of module over C by the rule (α+iβ)·v = α·v +β ·Jv for α, β ∈ R, v ∈ T . The Nijenhuis tensor is then an element of Λ 2 T * ⊗C T (the wedge product is over C). The image of the Nijenhuis tensor is the C-linear subspace Im(
We call the Nijenhuis tensor non-degenerate if its rank as a map N J : Λ 2 C T → T is maximal. This means N J = 0 for n = 2 and Im(N J ) = T for n > 2. Theorem 1. (i) If n > 2 and N J is non-degenerate, then the the pseudogroup G = Sym loc (M, J) is finite-dimensional (and so is a Lie group).
(ii) If N J = 0, then the pseudogroup G depends on at most n − 1 complex functions in n − 1 variables.
Proof. (i) Let us consider the Lie equation on the 1-jets of infinitesimal symmetries X ∈ D M (space of vector fields on M ) at various points x ∈ M preserving the structure J:
Its symbol is T * ⊗ C T and this equation is formally integrable iff J is integrable. So we consider the first prolongation-projection of this equation E = π 1 (Lie(J)
(1) ), which is the Lie equation for the pair (J, N J ) consisting of 1-jets of vector fields preserving both tensors. The symbol of the equation E is
The Spencer-Sternberg prolongation g
(1) 1 of this space equals (the symmetric tensor product S k everywhere below is over C):
We can substitute Jξ instead of ξ in the defining relation for h. Then antilinearity of
The same holds in a more general case, when W ⊥ = {v ∈ T : N J (v, W ) = 0} is zero. Indeed, the defining relation yields
so taking ζ ∈ W we get h(ξ, η) ∈ W ⊥ . When g 2 = 0, the system Lie(J) has finite type [Sp, ALV, KL 2 ]. Consequently G is a Lie group [Ko] , and dim G = dim g 0 + dim g 1 < 2(n 2 + n).
(ii) In the general case let us observe that the first part of the proof implies that the higher prolongations satisfy (k > 1)
where Ann(W ) = {̺ ∈ T * : ̺(W ) = 0} is the annihilator. Indeed, for k = 2 this follows from the analysis of g 2 , and the claim for k > 2 follows by prolongation.
Thus the characteristic variety of the Lie equation E = Lie(J, N J ) (and so also of Lie(J)) satisfies
and so the maximal value of p is n − 1. To calculate the kernel space
This space is J-invariant and is strictly smaller than T . Indeed since Ann(̺) is a hypersurface, equality Ann(̺) ⊥ = T would imply N J = 0. Therefore
it is explained how to check that G is not only finite-dimensional, but actually finite. However the criterion is more complicated.
For n = 2 the image of the Nijenhuis tensor never spans T , and a finer criterion is provided in the next section.
Almost complex structures in dimension 4
In dimension 2n = 4 the induced GL(2, C) action on the space Λ 2 T * ⊗C T of Nijenhuis tensors has exactly two orbits: zero and its compliment. For non-zero tensor N J its image as a map
Provided J is generic, Π 2 is generic as well (see §5). In particular, there is the derived rank 3 distribution Π 3 = ∂Π 2 formed by the brackets of sections of Π. This leads to the invariant e-structure {ξ i } 4 i=1 , ξ i ∈ D M , as follows:
These formulae define the pair (ξ 1 , ξ 2 ) up to multiplication by ±1 and the pair (ξ 3 , ξ 4 ) absolutely canonically [
Theorem 2. If ∂Π 2 is a rank 3 distribution, then the group G of local symmetries is at most 4-dimensional. Moreover G is finite-dimensional unless Π is integrable and J is projectible along the fibers of the corresponding foliation 3 . If G is infinite-dimensional, then its orbits contain the leaves of Π, and G is formally parametrized by 1 complex function of 1 argument.
Proof. It is known [Ko] that the automorphism group of an e-structure on a manifold M is a Lie group of dimension at most dim M , which is 4 in our case. The additional ± can only change the amount of connected components. Thus in the case of non-integrable Π we get dim G ≤ 4.
For general distribution Π from the proof of Theorem 1 we have
These relations imply h(Π, ·) = 0 and h(ξ, η) ∈ Π. Thus g 2 = S 2 Ann(Π) ⊗ C Π and more generally
The kernel bundle over Char C aff (E) is the 1-dimensional complex line Π, and this (together with the fact that the symmetries are real) implies the result on functional dimension. Now let us note that ν = T /Π is a Riemannian bundle over M . The orthogonality is given by J and the unit circle
Let O be the orbit of the pseudogroup G action through x and V = T x O the tangent space, which is obtained by evaluation of all infinitesimal symmetry fields at x. If V ∩ Π = 0, then the pseudogroup is at most 3-dimensional as it preserves the Riemannian metric on O.
Consider the case dim V ∩ Π = 0, and suppose G is infinite-dimensional. Then (as the transversal symmetries are at most 3-dimensional) we can take a vector field ξ tangent to V ∩ Π which coincides with a symmetry at x up to the second order of smallness. Then for a vector field η transversal to Π we have at
Remark 1. If J is projectible along the leaves of Π, then N J is also projectible. The inverse is not true, see an example in [K 3 ].
The theorem holds under the regularity assumptions (in a neighborhood of a regular point), when all the involved bundles have constant ranks. It does not obviously extend to singular points, because there are examples of linear equations with sheaf of solutions being finite-dimensional at every regular point, yet infinite-dimensional at some singular points [K 6 ]. The claim is however true globally in analytic category.
4 Sub-maximal symmetric structures for n = 2
Now we describe when the Lie equation E = Lie(J, N J ) from §2 is compatible (formally integrable) in the case M is 4-dimensional.
In [LS] almost holomorphic vector bundles π : (E,Ĵ) → (Σ, J ′ ) were defined as such pseudoholomorphic bundles that the fiber-wise addition E × Σ E → E is a pseudoholomorphic map. In [K 4 ] we gave a constructive version and related it to the theory of normal pseudoholomorphic bundles.
If G, in addition, acts transitively, then in local coordinates we have the normal form
Proof. Let dim G = ∞. From the necessary conditions of Theorem 2 we know that projection along the leaves of the integrable distribution Π gives us locally the pseudoholomorphic map π : (M, J) → (Σ, J 0 ). Choosing a complex coordinate z for the complex structure J 0 on the holomorphic curve Σ and a complex coordinate w along the fibers of π we get the local description of J
(action on ∂z, ∂w is obtained by conjugation due to reality of J; cf. the real version of the above description in [
according to our setup and b w = 0 by the assumption. The equation for pseudoholomorphic curves in M transversal to Π writes
which we couple with the conjugate into E = {wz = ψ,w z =ψ} ⊂ J 1 (Σ, M ) C (the latter is the complexified space of jets of π). The almost complex structure J on M reads off (up to ±) from the collection of all these J-holomorphic curves, so the symmetries of J coincide with the (real) symmetries of the equation E.
Passing to vector fields, the Lie algebra sheaf of G corresponds to the space of infinitesimal point symmetries of E, which we search by the method of S.Lie, see [KL 2 ] and references therein. Since we know that most of the symmetries (∞ with the possible exception of 3) are tangent to Π (fibers of π), we write the point symmetry as ξ = f ∂ w +f ∂w (this removal of the translational part is standard in the Lie symmetry method). The prolongation of ξ to the space of 1-jets (the doted quantities are not essential)
acts as follows (the second equation of E gives the conjugate relation)
Sincewz is arbitrary, this obviously decouples into fw = 0 and (4)
We will investigate this overdetermined system S J by uncovering the compatibility conditions. Differentiating (5) byw yields
Taking the sum of (6) and its conjugate results in (log |ψw| 2 ) w f + (log |ψw| 2 )wf = 0.
If this relation is nontrivial, then f = h · f 0 , where f 0 is a fixed complex function and h a real indeterminate. Substitution of this into S J gives a finite type system, so the symmetry algebra is finite-dimensional. Thus we must assume that both coefficients of (7) vanish, so that |ψw| = k = const by w. We write ψw = ke iθ , where θ is a real variable (mod 2π). Differentiation of (6) by w and byz gives:
where Ψ is some linear function in the indicated arguments with coefficients depending differentially on ψ. Differential corollaries (8)- (9) together with the original equations (4)- (5) form a finite type system unless (logψ w ) ww = 0 ⇔ (log ψw) ww = 0.
So we obtain another restriction on ψ: θ is harmonic. Now the choice of complex coordinate w in the leaves of Π was arbitrary, and we wish to normalize it 4 . We can suppose that the infinite pseudogroup G contains a fiber-wise symmetry with no stationary points. Then we can fix it to be translation in each leaf, i.e. the generating vector field is q∂ w +q∂w, where q = q(z,z). In other words we can assume (locally) that S J has a nonzero solution f with f w = 0. Then derivatives of (6) imply that the system of vectors (θ w , θw), (θ ww , 0) (0, θww) has rank ≤ 1. Together with (10) this implies θ = θ 0 + αw +ᾱw with real θ 0 and complex α functions of z,z. Moreover (5) yields ψ = ϕ 0 (z,z) + ϕ 1 (z,z)w + Φ −1 , where Φ −1 = ϕ −1 (z,z)w for α = 0 and Φ −1 = k iᾱ e iθ else. Let us consider the case α = 0 first. Substitution of the expression for ψ into (8) and (6) implies that f w is real and constant by w, i.e. we have:
. This together with w-derivative of (5) give us f 1z = 0, i.e. f 1 = c is a real constant.
Since the first term in ψ = ϕ 0 (z,z)+ϕ 1 (z,z)w+ϕ −1 (z,z)w can be eliminated by a shift in w, J is an almost pseudoholomorphic vector bundle structure. The general symmetry f = f 0 (z,z) + cw is a combination of the scaling symmetry Re(w∂ w ) and the shift by solution Re(f 0 (z,z)∂ w ), where f 0 satisfies the linear (nonhomogeneous) Cauchy-Riemann equation
The solutions of the latter are parametrized by 1 function in 1 argument.
Via shift by a solution and variation of constants the linear Cauchy-Riemann equation takes the normal form
where λ = 0 corresponds to N J = 0. The gauge changes preserving this type of equation are z → Z(z), w → U (z)w (functions Z, U are holomorphic), and so Λ = (log λ) zz dz dz is an invariant quadratic form. Consider now the case α = 0. Here substitution of ψ = ϕ 0 (z,z)+ϕ 1 (z,z)w+ k iᾱ e iθ in (6) gives f w = iαf + r, where r = r(z,z) is a real function. This implies f = ir α + c e iαw , where c = c(z,z) is a complex function. Substituting both this and the expression for ψ into (5) yields
Splitting this equation according to w-parts we get ϕ 1 = − αz α , rz = 0 (so that r is a real constant) and a Cauchy-Riemann type equation on c.
Let us change the variable w → σ e −iαw , where σ satisfies (log σ)z = iαϕ 0 . Then direct calculation shows that the equation wz = ψ is transformed into the equation of type (11), so we can proceed as in the case α = 0.
Notice that in addition to Λ there is another canonical quadric (Riemannian metric) Q = |λ| 4 dz dz on Σ = M/Π ≃ C(z), discussed in the proof of Theorem 2 (T Σ = ν). The condition that the symmetry group G acts transitively implies that the space of (local) Killing fields for this Riemannian metric is 3-dimensional, and hence it is of constant curvature. This implies that |λ/λ 0 | 2 = (1 + ǫ zz) −1 for real constants ǫ, λ 0 , whence Λ = −ǫ 2|λ0| 4 Q. However for ǫ = 0 the motion group of Q does not act by symmetries on J (direct calculation shows that 2 out of 3 Killing fields fail to do so), and so to achieve transitivity of G-action we must assume ǫ = 0.
In this case Λ = 0, i.e. we can get λ = const by a gauge transformation in (11). Thus we obtain the biggest sub-maximal symmetric model 5 , i.e. the model with maximal symmetry group among all non-integrable structures J: the symmetry group G is a semi-direct product of the 3-dimensional group of motions U (1) ⋉ C of the plane C(z), the scaling of the w-variable and the ∞-dimensional group of shifts by solutions w → w + f 0 discussed above.
Nijenhuis tensor characteristic distribution
It was shown in [K 3 ] that rank 2 distributions Π 2 in R 4 of fixed type (Engel, quasi-contact, Frobenius) are realizable as the Nijenhuis tensor characteristic distribution. Moreover if Π 2 is analytic, it is realizable as well: Π = Im(N J ). In this section we remove the assumption of analyticity. Lemma 1. An almost complex structure in M 4 has the following normal form in local coordinates (z, w) with some smooth complex-valued functions α, β.
Proof. We can foliate a neighborhood U ⊂ (M 4 , J) by J-holomorphic discs U = ∪ τ B τ (see [NW, M, AL] ) and choose a transversal pseudoholomorphic disk D ⊂ U . Let's introduce a complex J-holomorphic coordinate z on D and pullback it to U using the projection along the foliation B τ . On every leaf B τ we introduce a complex J-holomorphic coordinate w. This local coordinate system (z, w) on U ≃ C 2 is not J-holomorphic; the almost complex structure J writes in it:
The condition J 2 = −1 is equivalent to (a +ā)α = 0, a 2 + |α| 2 = −1, (a + i)b + αβ = 0,ᾱb + (ā + i)β = 0.
If α = 0 then a = ±i, so we can take the general solution a = ik, k ∈ R, k 2 = |α| 2 + 1. Without loss of generality we can assume k ≥ 1 (because a ≈ i near D), then the last equation can be omitted and we compute b.
Remark 2. The choice α = 0 corresponds to the normal form (2) of J with integrable Nijenhuis tensor characteristic distribution. Another normal form in complex dimension n = 2 is considered in [To] .
Lemma 2. The Nijenhuis tensor characteristic distribution is C-generated by the vector v = Ξ + · ξ, where
At the points where α = 0 we have
Proof. This is a straightforward calculation. Notice that Ξ + = 0, α = 0 is a sufficient condition for Π = Im(N J ) to be a non-singular distribution.
Notice that the coordinate system (z, w) from Lemma 1 is very special, for instance the absolute value of the coefficient of ∂z in ξ is bigger than that of ∂ z .
Theorem 4. Locally any smooth rank 2 distribution Π is the Nijenhuis tensor characteristic distribution: Π = Im(N J ).
Proof. A rank 2 distribution can be written in the coordinate system (z, w) as
(to obtain real Π one has to take the real and imaginary parts of the first vector). In the notations of Lemma 2 we have:
Vanishing of the ∂ w -coefficient yeilds
(this is also obtainable from the condition of invariance of Π with respect to the almost complex structure J from Lemma 1). Substituting this into the ∂w-coefficient of ξ mod Π we observe that all derivatives of α cancel and the resulting relation is
This is easily solvable provided |Aw| > |B w |:
Now we can construct J. The coordinate system (z, w) is at our hands. We can choose it so that the above inequality is satisfied (even integrable Π can be written with non-constant A, B). We calculate using (13)
Thus the condition Ξ + = 0 translates into the inequalities |Aw| > |B w | > 0 and A w B ww =Ā ww B w . We adapt these into the choice of (z, w).
Then we define the complex-valued functions α, β by (13)- (12) and the almost complex structure J from Lemma 1 realizes Π as the Nijenhuis tensor characteristic distribution.
Remark 3. It is surprising that the construction is purely algebraic. This is due to the choice of special coordinates. In [K 3 ] the problem was solved via a PDE system in Cauchy-Kovalevskaya form, that is why analyticity was assumed.
Global obstructions for non-degeneracy
Non-degeneracy of the Nijenhuis tensor is a generic condition locally, but globally on a closed 4-manifold it is a topological constraint.
Definition 2. An almost complex structure J on a 4-dimensional manifold M is called non-degenerate if N J = 0 everywhere.
There are obstructions to existence of non-degenerate N J , some depending on the homotopy class of the almost complex structure J and some purely topological. Indeed, the Nijenhuis tensor determines an anti-linear isomorphism of the complex vector bundles
This implies c 1 (Π) = −c 1 (Λ 2 T ) = −c 1 (M ) . Denoting by Π ⊥ the normal vector bundle equipped with the natural complex structure we have: ; see [De] ), and c 1 (M ) 2 = K·K is the self-intersection of the canonical class K of M , we get the main topological restrictions for existence of non-degenerate almost complex structure on M : 5χ + 6τ = 0, χ = −2 K·K.
Remark 4. Reference [HH] relates the existence of an almost complex structure on M 4 to the existence of a rank 2 distribution. We see that in the case these two are compatible (through N J ) we get stronger restrictions on M .
In addition there are divisibility constraints [H] . Indeed by Max Noether theorem χ + τ ≡ 0 mod 4 (equivalently c possesses a non-degenerate almost complex structure, then r = 2k + 1, s = 22k +21, k ∈ Z (notice that this manifold possesses an almost complex structure iff r is odd). In particular, the projective plane blown-up at ≤ 20 points does not possess a non-degenerate almost complex structure.
For type II manifolds with the intersection form m 0 1 1 0 + n E 8 , the above relations imply n = 5 4 (m + 1) > 0, m ≡ 3 mod 4. In particular, there exists no non-degenerate almost complex structures on K3 surfaces (then 5χ + 6τ = 24), on Enriques surfaces (χ = 12 not divisible by 24) and on complex surfaces of Kodaira dimension 2 (surfaces of general type, then both χ and K·K > 0).
Remark 5. In other words, for any almost complex structure J on any of these manifolds there will exist points x with N J | x = 0.
There are however closed 4-manifolds with non-degenerate almost complex structures, for instance Abelian surfaces. Indeed on the torus T 4 = C 2 (z, w)/Z 4 with almost complex structure given by For n = 3 non-degeneracy of the Nijenhuis tensor means C-antilinear isomorphism
Nijenhuis tensors were classified in [K 2 ]. There are 4 non-degenerate types
Parameters λ, ϕ, ψ are real. For non-exceptional values of the parameters (λ = ±1, −λ = e ±2iϕ , e ±2iϕ = ±1, e ±2iψ = ±1 and ψ ± ϕ ∈ πZ) there is precisely one fixed point Π of the composition of maps Φ 2 : Gr
, three such Π in case NDG(3) and exactly one Π with N J (Λ 2 Π) ⊂ Π in case NDG(4). Isomorphism (14) imposes global obstructions for existence of a non-degenerate almost complex structure J. Indeed, the total Chern class c(T ) is related to c(Λ (14), so (these formulae were also obtained in [B] )
We write c i (J) instead of c i (T ) = c i (M ) to stress that, contrary to 4-dimensional situation, the Chern numbers, like c 1 c 2 , obtained through these characteristic classes depend on the homotopy class of J (and not only on the diffeomorphism type of M ). The obstructions for existence of almost complex structure in dimension 6 [H, Ge] are c 1 c 2 ≡ 0 mod 24, c 3 1 ≡ c 3 ≡ 0 mod 2, and only the last requirement χ(M ) ∈ 2Z does not follow from (15).
For example, there is no non-degenerate J in the homotopy class of the standard complex structure of
The canonical G 2 -invariant almost complex structure J on S 6 is non-degenerate and it corresponds to NDG(3) ϕ = ψ = 0. But if we blow up S 6 , then the resulting S 6 #CP 3 ≃ CP 3 (orientation forgetting diffeomorphism) has no non-degenerate J in the respective homotopy class.
More generally, according to [Th] the almost complex structures on CP 3 are bijective with the total Chern classes 1 + 2rx + 2(r 2 − 1)x 2 + 4x 3 , where x is the standard generator of H 2 (CP 3 ) and r ∈ Z (r = 2 corresponds to the standard complex structure and r = −1 corresponds to the blown-up S 6 ). There are no non-degenerate J unless r = 0 (where we don't know).
If we impose a stronger requirement of N J being non-exceptional of type NDG(1-2), then N J : Λ 2 Π ≃ L, T = L ⊕ Π imply c 1 (J) = 0, i.e. the canonical class vanishes K = 0. Moreover, c 3 (J) = λ(c 2 (J)+λ 2 ) for an integer cohomology class λ ∈ H 2 (M ) (λ = −c 1 (Π)). For non-exceptional NDG(3) we also have K = 0 and in addition −c 2 (J) = λ 2 + λµ + µ 2 , −c 3 (J) = λµ(λ + µ) for some integer classes λ, µ ∈ H 2 (M ) (these conditions imply the above condition for the type NDG(1-2), but not otherwise).
If N J is of type NDG(4), then c 2 (J) = λ 2 + c 1 (J)λ, c 3 (J) = −2λ 3 for some integer cohomology class λ ∈ H 2 (M ) (λ = −c 1 (Π)). For instance CP 3 contains neither non-exceptional type NDG(3) nor nonexceptional type NDG(4) structures; the sphere S 6 has no non-exceptional almost complex structure (of any type).
Nondegenerate symmetric structures for n = 3
By Theorem 1 an almost complex structure on a 6-dimensional manifold has a finite-dimensional symmetry algebra provided N J is non-degenerate.
An alternative approach to prove this is via the Tanaka theory [Ta] . Namely, the complexified tangent bundle C T has the canonical subbundle V = T 1,0 with V = T 0,1 . Non-degeneracy of N J is equivalent to step-2 bracket-generating property: [V, V ] = C T . Thus the growth of the distribution is (3, 6) and consequently the symmetry group is finite-dimensional 7 by [Ta, K 6 ]. The Tanaka prolongation of the corresponding graded nilpotent Lie algebra m = g −2 ⊕ g −1 (with g −1 = V and g −2 = C T /V ) is equal to
This is the 21-dimensional Lie algebra so(3, 4), but it is not the most symmetric case for non-degenerate almost complex structures. Indeed, we have not used the natural isomorphism N J : Λ 2 V ≃V , which reduces the algebra of derivations of m to at most 14 dimensions:
Theorem 5. For non-degenerate J the symmetry group satisfies dim G ≤ 14. The equality is attained only for the exceptional Lie group G 2 .
Note that here we treat only the germ of the structure J, so the conclusion concerns the local group (equivalently, its Lie algebra).
Proof. g 2 = 0 for a non-degenerate J and so dim G ≤ dim O+dim g 1 , where O is the orbit of G of dimension ≤ dim M = 6. We claim that dim g 1 ≤ 8. This is based on the case by case analysis of the normal forms from §7. Consider for instance NDG(1). For non-exceptional parameters there exists a unique C-line L = X 1 , JX 1 ⊂ T that is invariant with respect to Φ 2 Φ 1 and satisfies T = L ⊕ Π, Π = Φ 1 (L). An endomorphism f ∈ g 1 preserves this splitting and is an arbitrary complex map on L, while it is given by at most 4 real parameters on Π. Thus in this case dim g 1 ≤ 6.
In some exceptional cases the splitting is also invariant with L = X 1 C distinguished by the condition that Φ 1 (L) = X 2 , X 3 C is generated by fixed pointsL of Φ 2 Φ 1 satisfying Φ 1 (L) ⊃L. Then the conclusion is the same.
But for e 2iϕ = −λ = ±1 all complex lines L ∈ CP 2 are fixed points of Φ 2 Φ 1 (those satisfying the condition Φ 1 (L) ⊃ L form a nondegenerate quadratic cone). Here the group g 1 acts transitively on T by complex transformations preserving
This tensor is isomorphic to (17) and so will be discussed below. Similarly, in the cases NDG(2), NDG(4) we get dim g 1 ≤ 2, because X 1 , X 2 is G-invariant etc. For NDG(3) we have dim g 1 ≤ 8, and the equality is strict except for two cases:
and
This last case is the (anti-)complexification of the usual vector product in R 3 , and it is realized by the G 2 -invariant almost complex structure J on S 6 . Case (17), equivalent to (16), is another candidate for dim G = 14, but it is not realizable. The proof uses completely different technique (representation theory) and so is delegated to the Appendices.
It follows that an almost complex structure J with the transitive automorphism group, dim g 0 = 6, and having the stabilizer of dim g 1 = 8 must be locally isomorphic to the Calabi structure on S 6 (coming from the octonionic vector product on R 7 ) corresponding to (18), see the Appendices for more details.
Corollary 1. Calabi octonionic structure J on S 6 is the most symmetric 8 nondegenerate almost complex structure in dimension 6.
9 Sub-maximal symmetric structures for n = 3
Now consider degenerate tensors N J . By Theorem 1 in the case dim C Im(N J ) = 2 (denoted DG 1 in [K 2 ]) the symmetry group G depends on ≤ 2 complex functions of 1 (complex) argument.
More symmetries (complex functions of 2 argument) can occur in the case dim C Im(N J ) = 1, which has two normal forms:
In the first case Char
gives h(·, ·) ∈ X 1 , X 3 C (via substitution η = X 1 ) and h(X 3 , ·) ∈ X 3 C (via substitution η = X 3 ). There are no more relations, and we get g 2 = S 2 Ann( X 1 C ) ⊗ X 3 C + S 2 Ann( X 1 , X 3 C ) ⊗ X 1 , X 3 C . Now we can calculate the characteristic variety through g 2 as discussed in §1. The kernel bundle K over Char C aff has complex dimension 1 on a Zariski open set Ann( X 1 C ) \ Ann( X 1 , X 3 C ), and so formally the general symmetry depends on at most 1 complex function of 2 arguments.
In order for this to be realized the two G-invariant distributions Im(N J ) = X 1 C and Ker(N J ) = X 3 C have to be integrable (otherwise their curvature tensor is another defining relation in G, see §4), and also their sum X 1 , X 3 C shall be a holomorphic foliation of dim C = 2. Furthermore the biggest (in the sense of dimension theory) symmetry group G corresponds to pseudoholomorphic projection along the foliation X 3 C onto a 4-manifold, which has to be the sub-maximal symmetric model M 4 for n = 2. Finally the most symmetric model of type DG 2 (1) is M 6 = M 4 (z, w)× C(ζ). Provided G acts transitively, the almost complex structure J in local coordinates z, w, ζ (corresponding to the numeration X 2 , X 1 , X 3 above) is given by
Notice that there is a 4-dimensional J-holomorphic foliation C 2 (z, w) with nonintegrable restriction of J, and also lots of transversal 4-dimensional J-holomorphic foliations with integrable J of the type Σ 2 × C(ζ), where Σ ⊂ C 2 (z, w) is a pseudoholomorphic curve.
The bulk of symmetries form the holomorphic transformations ζ → Ξ(z, ζ) (but there are some other symmetries depending on a function of 1 argument).
The other case DG 2 (2) is more symmetric:
Then G has the biggest functional dimension iff the almost complex structure is given by the following normal form:
We shall see that the symmetries depend on 2 complex functions of 2 arguments, but there are also functions with fewer arguments arising via Cartan's test. The structure of the theorem maximizes the amount of this initial value data (otherwise, as in Theorem 3, there are symmetric models with slightly smaller pseudogroup G; they correspond to change J∂ z = i∂ z + λ∂w in (20)).
Proof. The characteristic variety of DG
To see this we can use the defining relation for g 1 from §2. ξ, η) ). Substituting η = X 3 we get v ∈ X 3 C or ̺(X 3 ) = 0, but the first possibility implies the second. Thus, denoting by θ i the coframe dual to the frame X i , we
We can also see this by calculating g 2 via (1) or as the prolongation of g 1 . Denoting Π = X 1 , X 2 C , Π * = θ 1 , θ 2 C = Ann( X 3 C ) and sl 2 (C) ⊂ Π * ⊗ Π, we get g 1 = sl 2 (C) ⊕ Π * ⊗ X 3 C (tensor products over C). Thus we obtain the biggest possible functional dimension of G for nonintegrable J, so if it is realized the case will be sub-maximal.
Compatibility conditions include integrability of the invariant distribution Im(N J ) = Ker(N J ) = X 3 C . This yields a J-holomorphic projection of (M 6 , J) onto C 2 with (integrable) complex structure and it also implies constancy of the Nijenhuis tensor (otherwise the pseudogroup G does not act transitively). The arguments similar to those used in Theorem 3 show that in order to keep the size of G the structure J must come from an almost holomorphic vector bundle, and then we justify the normal form of the theorem.
To calculate the symmetries of the model let us introduce complex coordinates (z, ζ, w) according to the order (X 1 , X 2 , X 3 ) in which J takes the form (20). From the above description it is clear that J-holomorphic change of coordinates has the form z → Z(z, ζ), ζ → Ξ(z, ζ), w → W (w,w, z,z, ζ,ζ)
The condition that J has the same normal form in the new coordinate system writes as the system of PDEs
This system is not yet formally integrable, and we need to add the compatibility conditions. The resulting involutive system is (c is a constant):
Thus the form Ω = (Z z Ξ − c ζ) dz + Z ζ Ξ dζ is closed and we can integrate it Ω = dW 0 , where W 0 = W 0 (z, ζ). This implies W =c w + i 2 W 0 + Ψ, where Ψ = Ψ(z, ζ) is an arbitrary holomorphic function.
Finally, the change in (z, ζ) is a biholomorphism with constant holomorphic Jacobian, i.e. it involves 1 complex function of 2 arguments; the other such function Ψ comes from the change in w (also a function with 1 argument and a constant are involved into the general symmetry).
Dimensions 2n = 8 and higher
In the case dim C M = n > 3 the orbit space of GL(n, C)-action on Λ 2 T * ⊗C T is quite complicated (as well as its real analog -normal forms of (2,1)-tensors).
However we can give a sharper estimate for the dimensional bound of G.
Theorem 7. For n ≥ 4 in the case N J = 0, the pseudogroup G depends on at most (n − 2) complex functions of (n − 1) arguments.
Proof. By Theorem 1 p ≤ dim C Ann(W ) for W = Im(N J ) and so the functional dimension of G is (n − 1) iff dim C W = 1. In this case N J can be identified with a C-valued 2-form ω. Let Z ⊂ T be the kernel of ω. Denote by 2m = rank C (ω) (rank is even by Cartan's lemma). Then dim C Z = n − 2m.
We have Ann(̺) ⊃ W for a characteristic covector ̺ ∈ Char C aff and the restriction ω| Ann(̺) can have C-rank 2m or 2(m − 1) depending on whether Ann(̺) is transversal to Z or not. The first situation is generic with respect to the choice of ̺ unless n = 2m or W = Z.
Therefore the kernel space K ̺ = Ann(̺) ⊥ (skew-orthogonality with respect to ω) is Z or Z ⊕ L 1 respective the value of the rank 2m or 2(m − 1) (in the latter case L 1 ∈ Ker(ω| Ann ̺ ) is C-generated by one vector not belonging to Z). In other words, the functional C-rank 1 2 σ is equal to n−2m ≤ n−2 (achieved for m = 1) or n − 2m + 1 (achieved either for n = 2m, when 1 2 σ = 1, or for W = Z being 1-dimensional, when 1 2 σ = 2; in any case for n ≥ 4 this branch gives the value < n − 2).
We see from the proof that the symmetry pseudogroup G is largest in the case N J = 0, n ≥ 4 only if m = rank C N J = 1, i.e. the only non-trivial relation for the Nijenhuis tensor can be either N J (X 1 , X 2 ) = X 1 (W ∩ Z = 0) or N J (X 1 , X 2 ) = X 3 (W ⊂ Z). As before we must impose integrability assumptions on the involved distributions in order to realize this G.
Thus for n ≥ 4 there are 2 different cases with the largest symmetry: the 6-dimensional manifolds described by (19) or (20) , multiplied by C n−3 . In other words, the the sub-maximal symmetric models are either M 2n 1 = M 4 × C n−2 , where (M 4 , J) is the submaximal model from Theorem 3, or M 2n 2 = M 6 ×C n−3 , where (M 6 , J) is the submaximal model from Theorem 6. Notice that both cases are described by almost holomorphic vector bundle π 1 : M 2n → C n−1 (with J being minimal in the sense of [GS] ), and that both models contain a canonical pseudoholomorphic foliation by the kernel of the Nijenhuis tensor π 2 :
The other structures J with large symmetry pseudogroup G must also have the involved invariant distributions integrable, so that these structures give rise to canonical pseudoholomorphic foliations. The hierarchy of intermediate size groups G is immense, but also the totality of almost complex structures J with non-degenerate N J is vast. To study the latter the following idea is useful.
Consider the C-antilinear map
2 n. The Plücker embedding ρ : Gr C (2, n) ֒→ P C Λ 2 T has image of codimension d + 3 − n. Therefore generically Σ = ̟(N −1 J (0)) ∩ Im ρ has dimension n − 4, where ̟ : Λ 2 → P C Λ 2 is the projectivization map. The degree of subvariety Σ is the same as the degree of a Plucker embedding of the Grassmannian Gr C (2, n), namely the Catalan number
Let us consider in more details the case n = 4, when Σ is zero-dimensional of degree 2. Thus Σ consists of two 4-dimensional J-invariant subspaces of T , which we assume transversal T = Π 1 ⊕ Π 2 (Π i are characterized uniquely by the condition N J | Πi = 0). We will call such almost complex structure J on 8-dimensional manifold M transversally non-degenerate.
This assumption imposes topological restrictions on M and the homotopy type of J. Indeed, N J : Π 1 ⊗ Π 2 → T is an anti-isomorphism and therefore the total Chern class of the tangent bundle is equal to
the Chern classes of the complex rank 2 bundles Π i we can use the formulae c(Π 1 ⊗ Π 2 ) = 1 + 2(c
). They imply the following restrictions for the Chern classes c i = c i (T, J) of transversally non-degenerate J:
6 is 2). This means that there exist two canonical decompositions into the sum of complex lines 
i ; the rest follows from the defining equation for N J ).
Consequently, we have: M ) has no torsion, then all Chern numbers vanish). According to [MG] the existence of an almost complex structure in dimension 8 is equivalent to such relations: For strongly non-degenerate J these relations specify to the only constraint c 4 ≡ 0 mod 720. It would be interesting to understand the restrictions on Chern classes if N J is non-degenerate in the weak sense, Im(N J ) = T .
A Associated Hermitian metrics in dimension 6
In [B] an invariant Hermitian metric was associated to an almost complex structure in dimension 6. This construction depends pointwise on J, N J , and can be written following [K 5 ] so (the trace is over R):
h(ξ, η) = Tr[N J (ξ, N J (η, ·)) + N J (η, N J (ξ, ·))].
Since it satisfies the property h(Jξ, Jη) = h(ξ, η), it has (complex) type (1, 1).
The corresponding almost symplectic form equals ω(ξ, η) = h(Jξ, η) (generically it is not closed 9 ). The hermitian metric determines the smooth volume form Ω = Ω h and there is also the canonical holomorphic (3, 0)-form σ related to Ω Ω = 1 3 ω 3 = i 4 σ ∧σ (the form σ is normalization and alternation of the following C-valued 3-tensor:
For the cases of our current interests the metric on m = T x M in complex coordinates (naturally related to the basis in which the normal form is given) is the following. For (18) it equals (after normalization of constants)
and for (17) it equals h = |dz 1 | 2 + |dz 2 | 2 − |dz 3 | 2 = dz 1 · dz 1 + dz 2 · dz 2 − dz 3 · dz 3 .
The symplectic form on m in both cases is
so the complex structure J = J 1 + J 2 + J 3 for (18) and it equals J = J 1 + J 2 − J 3 for (17), where J k = i ∂ z k ⊗ dz k − i∂ z k ⊗ dz k = ∂ y k ⊗ dx k − ∂ x k ⊗ dy k is the complex structure 10 on the k-th summand in C 3 .
The canonical holomorphic and the smooth volume forms in both cases are
Now it's easy to calculate the stabilizer h = g 1 , which is the automorphism of the triple (h, J, σ) on m, in both cases. It is important that this triple has the same automorphism group as the pair (J, N J ) [B, K 5 ].
We have h = su (3) for (18) and h = su(2, 1) for (17).
B Lie algebras in dimension 14
Here we consider the stabilizer h = g 1 of dimension 8 from the previous section naturally acting on m = g 0 = T x of dimension 6. The symmetry algebra has maximal dimension 14 if we can construct Lie algebra g allowing the following exact 3-sequence 0 → h → g → m → 0.
We will show that such g can be constructed for (18), but not for (17).
Since h is simple, we have direct decomposition of h-representations g = h ⊕ m, and m = C 3 as h-module. Thus to restore the Lie algebra g we need two components of the h-morphisms Λ 2 m → g. The m-part is given uniquely (see below) and the only part to be determined is the h-component of [m, m] .
As h-representation Λ 2 m is reducible, and it decomposes into three submodules of dimensions 6, 1, 8, which are better described in the complexification: Let us now specify to the case h = su(3) corresponding to (18). The Hermitian form is given by (21) and the complex structure is J = J 1 + J 2 + J 3 .
The map Λ 1,1 → su(3) ⊗ C is given by ξ ∧ η → −3ξ ⊗ h(η, ·) + 3η ⊗ h(ξ, ·) + h(ξ, Jη)J.
